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Gravitational Field on the Lorentz Tangent Bundle: Generalized Paths and Field
Equations
A. Triantafyllopoulos,1, ∗ E. Kapsabelis,1, † and P. C. Stavrinos2, ‡
1Section of Astrophysics, Astronomy and Mechanics, Department of Physics,
National and Kapodistrian University of Athens, Panepistimiopolis 15784, Athens, Greece
2Department of Mathematics, National and Kapodistrian University of Athens, Panepistimiopolis 15784, Athens, Greece
We investigate the dynamics of gravitational field and particles in a generalized framework of a
Lorentz tangent bundle. By variating an appropriate action for each case, we obtain generalized
forms of paths and generalized field equations for a Sasaki type metric. We show that Stokes theorem
is modified with respect to general relativity due to local anisotropy and the presence of a nonlinear
connection which induces an adapted basis in our space.
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I. INTRODUCTION
The gravitational field is an essential property of space-time and it is intimately related to the mass in the universe.
The fundamental ingredients of the gravitational field are not yet completely known in physics.
In the last two decades there have been attempts by Theoretical Physicists and Cosmologists to discover observa-
tional imprints of the gravitational field which is spread out in more than four dimensions [1–5]. These considerations
lead to the increase of degrees of freedom of the gravitational field. Alternatively, gravity can also be studied in
a different way in the framework of an 8-dimensional Lorentz tangent bundle or a vector bundle which includes
the observer (velocity/tangent vector) with extra internal/dynamical degrees of freedom [6–11]. In some cases the
gravitational field has been considered in higher dimensions in relation to the Kaluza-Klein theory, general relativity
modifications, string theory or the braneworld models [12–14]. This approach is provided by a generalized geometrical
structure in the dynamics of the gravitational field and the field equations.
Furthermore, locally anisotropic structures of space-time in higher dimensions have been studied in the framework
of Finsler and Finsler-like geometries [15–17]. The development of research for the evolution of the universe can be
combined with a locally anisotropic structure of the Finslerian gravitational field. Finsler-gravity models allow intrin-
sically local anisotropies including vector variables yµ = dx
µ
dτ , (µ = 0, 1, 2, 3), in the framework of a vector/tangent
(Lorentz) bundle [6–9, 18, 19]. The y−dependence essentially characterizes the Finslerian gravitational field and
has been combined with the concept of anisotropy and the broken Lorentz symmetry which causes the deviation
from Riemannian geometry, since the latter cannot explain completely all the gravitational effects in the universe.
In this approach remarkable efforts have been made based on the Finslerian structure of space-time. There have
been proposed frameworks for testing definite Finsler modifications of general relativity which are in agreement with
observational effects. Corrections have been proposed for the paths of perihelion of Mercury, gravitational lensing,
redshift e.t.c. [9, 20–22]. Therefore, the consideration of Finsler geometry as a candidate for studying gravitational
theories ensures that matter dynamics take place [23, 24]. Finsler gravity and cosmology models were developed by
extending geometrical and physical ideas and have been related to quantum gravity and modified gravity theories,
e.g. [25–28].
A basic characteristic concept in such theories is the nonlinear connection which connects external and internal
structures of space-time in higher order dimensions. The derived field equations of these gravitational and cosmological
models constitute a generalized form of field equations with more than one curvature and energy momentum tensors.
It is fundamental for studying locally-anisotropic space on the tangent bundle of a 4-dimensional space-time manifold
with internal structure [29, 30].
In the present work we study the dynamics of the gravitational field. In section III we study the generalized
equations of paths in the framework of a Lorentz tangent bundle. In section IV we derive the field equations in a
sufficiently generalized form by using torsion terms. In section V some concluding remarks are given.
∗Electronic address: alktrian@phys.uoa.gr
†Electronic address: manoliskapsabelis@yahoo.gr
‡Electronic address: pstavrin@math.uoa.gr
2II. PRELIMINARIES
The natural background space for a locally anisotropic gravity is the tangent bundle of a differentiable Lorentzian
space-time manifold called a Lorentz Tangent Bundle (we will refer to it as TM hereafter) [29, 30]. TM is itself an
8-dimensional differentiable manifold, so we can define coordinate charts and tensors on it in the usual way. TM is
equipped with local coordinates {UA} = {xµ, yα} where xµ are the local coordinates on the base manifold M around
π(σ), σ ∈ TM , and yα are the coordinates on the fiber. The range of values for the indices is κ, λ, µ, ν, . . . = 0, . . . , 3
and α, β, . . . , θ = 4, . . . , 7.
The adapted basis on the total space TTM is defined as {EA} = {δµ, ∂˙α} where
δµ =
δ
δxµ
=
∂
∂xµ
−Nαµ (x, y)
∂
∂yα
(1)
and
∂˙α =
∂
∂yα
(2)
where Nαµ are the components of a nonlinear connection. The curvature of the nonlinear connection is defined as
Ωανκ =
δNαν
δxκ
− δN
α
κ
δxν
(3)
The nonlinear connection induces a split of the total space TTM into a horizontal distribution THTM and a vertical
distribution TV TM . The above-mentioned split is expressed with the Whitney sum:
TTM = THTM ⊕ TV TM (4)
The horizontal distribution or h-space is spanned by δµ, while the vertical distribution or v-space is spanned by ∂˙α.
Under a local coordinate transformation, the adapted basis vectors transform as:
δµ′ =
∂xµ
∂xµ′
δµ , ∂˙α′ =
∂xα
∂xα′
∂˙α (5)
The adapted dual basis of the adjoint total space T ∗TM is {EA} = {dxµ, δyα} with the definition
δyα = dyα +Nαν dx
ν (6)
The transformation rule for {dxµ, δyα} is:
dxµ
′
=
∂xµ
′
∂xµ
dxµ , δyα
′
=
∂xα
′
∂xα
δyα (7)
The bundle TM is equipped with a distinguished metric (d−metric) G:
G = gµν(x, y) dxµ ⊗ dxν + vαβ(x, y) δyα ⊗ δyβ (8)
where the h-metric gµν and v-metric vαβ are defined to be of Lorentzian signature (−,+,+,+). A tangent bundle
equipped with such a metric will be called a Lorentz tangent bundle. In some cases, the following homogeneity
conditions will be assumed: gµν(x, ky) = gµν(x, y), vαβ(x, ky) = vαβ(x, y), k > 0. When these conditions are met, the
following relations hold:
gαβ = sgn(g)
1
2
∂2F 2g
∂yα∂yβ
(9)
vαβ = sgn(v)
1
2
∂2F 2v
∂yα∂yβ
(10)
where gαβ = δ˜
µ
αδ˜νβgµν
1, sgn(g) is the sign of gαβ(x, y)y
αyβ , sgn(v) is the sign of vαβ(x, y)y
αyβ and
Fg(x, y) =
√
|gαβ(x, y)yαyβ | (11)
Fv(x, y) =
√
|vαβ(x, y)yαyβ | (12)
From the above relations, the following conditions become obvious:
1 The generalized Kronecker symbols are defined as: δ˜
µ
α = δ˜
α
µ
= 1 for a = µ+ 4 and equal to zero otherwise.
31. Fm, m = g, v, is continuous on TM and smooth on T˜M ≡ TM \ {0} i.e. the tangent bundle minus the null set
{(x, y) ∈ TM |Fm(x, y) = 0}
2. Fm is positively homogeneous of first degree on its second argument:
Fm(x
µ, kyα) = kFm(x
µ, yα), k > 0 (13)
3. The form
fαβ(x, y) =
1
2
∂2F 2m
∂yα∂yβ
(14)
defines a non-degenerate matrix:
det [fαβ ] 6= 0 (15)
In this work, we consider a distinguished connection (d−connection) D on TM . This is a linear connection with
coefficients {ΓABC} = {Lµνκ, Lαβκ, Cµνγ , Cαβγ} which preserves by parallelism the horizontal and vertical distributions:
Dδκδν = L
µ
νκ(x, y)δµ , D∂˙γδν = C
µ
νγ(x, y)δµ (16)
Dδκ ∂˙β = L
α
βκ(x, y)∂˙α , D∂˙γ ∂˙β = C
α
βγ(x, y)∂˙α (17)
From these, the definitions for partial covariant differentiation follow as usual, e.g. for X ∈ TTM we have the
definitions for covariant h-derivative
XA|ν ≡ Dν XA ≡ δνXA + LABνXB (18)
and covariant v-derivative
XA|β ≡ DβXA ≡ ∂˙βXA + CABβXB (19)
A d−connection can be uniquely defined given that the following conditions are satisfied:
• The d−connection is metric compatible
• Coefficients Lµνκ, Lαβκ, Cµνγ , Cαβγ depend solely on the quantities gµν , vαβ and Nαµ
• Coefficients Lµκν and Cαβγ are symmetric on the lower indices, i.e. Lµ[κν] = Cα[βγ] = 0
We use the symbol D instead of D for a connection satisfying the above conditions, and call it a canonical and
distinguished d−connection. Metric compatibility translates into the conditions:
Dκ gµν = 0, Dκ vαβ = 0, Dγ gµν = 0, Dγ vαβ = 0 (20)
The coefficients of canonical and distinguished d−connection are
Lµνκ =
1
2
gµρ (δkgρν + δνgρκ − δρgνκ) (21)
Lαβκ = ∂˙βN
α
κ +
1
2
vαγ
(
δκvβγ − vδγ ∂˙βN δκ − vβδ ∂˙γN δκ
)
(22)
Cµνγ =
1
2
gµρ∂˙γgρν (23)
Cαβγ =
1
2
vαδ
(
∂˙γvδβ + ∂˙βvδγ − ∂˙δvβγ
)
(24)
Curvature and torsion in TM can be defined as multilinear maps:
R(X,Y )Z = [DX ,DY ]Z −D[X,Y ]Z (25)
and
T (X,Y ) = DXY −DYX − [X,Y ] (26)
4where X,Y, Z ∈ TTM . We use the definitions
R(δλ, δκ)δν = Rµνκλδµ (27)
R(∂˙δ, ∂˙γ)∂˙β = Sαβγδ∂˙α (28)
T (δκ, δν) =T µνκδµ + T ανκ∂˙α (29)
T (∂˙γ , ∂˙β) =T µβγδµ + T αβγ ∂˙α (30)
The h-curvature tensor of the d−connection in the adapted basis and the corresponding h-Ricci tensor have, respec-
tively, the components
Rµνκλ = δλL
µ
νκ − δκLµνλ + LρνκLµρλ − LρνλLµρκ + CµναΩακλ (31)
Rµν = R
κ
µνκ = δκL
κ
µν − δνLκµκ + LρµνLκρκ − LρµκLκρν + CκµαΩανκ
The v-curvature tensor of the d−connection in the adapted basis and the corresponding v-Ricci tensor have, respec-
tively, the components
Sαβγδ = ∂˙δC
α
βγ − ∂˙γCαβδ + CǫβγCαǫδ − CǫβδCαǫγ (32)
Sαβ = S
γ
αβγ = ∂˙γC
γ
αβ − ∂˙βCγαγ + CǫαβCγǫγ − CǫαγCγǫβ (33)
The generalized Ricci scalar curvature in the adapted basis is defined as
R = gµνRµν + vαβSαβ = R+ S (34)
where
R = gµνRµν , S = v
αβSαβ (35)
III. GENERALIZED EQUATIONS OF PATHS FROM A VARIATIONAL PRINCIPLE
In this section, we investigate the curves of point particles on the Lorentz tangent bundle with a Lagrangian function
of the form L(x, x˙, y). Our goal is to examine under which conditions there is a relation between y and x˙ directional
variables.
In many cases, if someone wants to describe curves (x(s), y(s)) of point particles with mass m in Finsler or Finsler-
like geometry, he uses the Lagrangian L(x, x˙) = −m (gµν(x, y)x˙µx˙ν)1/2 with x˙µ = dxµ/ds. In this case, variation of
the action K =
∫
Lds with respect to xµ gives the geodesics equation
x¨µ + γµκλ(x, y)x˙
κx˙λ = 0 (36)
where γµκλ(x, y) are the Christoffel symbols for the metric gµν(x, y) and we assumed the homogeneity condition
gµν(x, ky) = gµν(x, y) for k > 0. Equation (36) does not fully define a curve on TM , since y(s) remains undefined.
Usually, in gravitational models on a Lorentz tangent bundle, the fiber coordinates yα represent 4-velocity components
x˙ν .
A condition that relates y and x˙ is of the form
yα = δ˜αν x˙
ν (37)
and so the curves on TM are fully described by relations (36) and (37)2. We note that relation (37) is not derived
from a variational principle.
On the other hand, there have been some studies to derive geodesics and their deviation equations for both x and
y from an action on the tangent bundle [31, 32], however, in the resulting equations the fiber elements do not have
any apparent relation to 4-velocities.
2 The generalized Kronecker symbols are defined as: δ˜α
µ
= 1 for a = µ+ 4 and zero otherwise, µ = 0, 1, 2, 3.
5A. Curves from a total Lagrangian
In the following, we present a different approach for the derivation of curves by a variational principle. We choose
a Lagrangian function L for the fields x˙µ and yα with the following properties:
• L includes a free term for the field x˙µ. A suitable choice is the norm of x˙µ scaled by some constant a, namely
agµν x˙
µx˙ν , with gµν(x, y) the h-metric of (8).
• L includes a free term for the field yα. A natural choice would be the norm of y scaled by some constant c,
namely cvαβy
αyβ, with vαβ(x, y) the v-metric of (8).
• L includes an interaction term between x˙µ and yα. We assume that the interaction is dependent on the internal
space v-metric vαβ so we choose bδ˜
α
µvαβ x˙
µyβ, with b constant.
We write the full Lagrangian as:
L(x, x˙, y) =
(
agµν x˙
µx˙ν + bδ˜αµvαβ x˙
µyβ + cvαβy
αyβ
)1/2
(38)
The Euler-Lagrange equations for (38) are
∂L
∂xκ
− d
ds
(
∂L
∂x˙κ
)
= 0 (39)
∂L
∂yγ
− d
ds
(
∂L
∂y˙γ
)
= 0 (40)
Now, relation (40) gives
vαγ
(
bδ˜αµ x˙
µ + 2cyα
)
+ ∂˙γvαβ
(
bδ˜αµ x˙
µ + cyαyβ
)
+ a∂˙γgµν x˙
µx˙ν = 0 (41)
Contraction with yγ gives
yα
(
bδ˜αµ x˙
µ + 2cyα
)
= 0 (42)
where we assumed the homogeneity conditions gµν(x, ky) = gµν(x, y), vαβ(x, ky) = vαβ(x, y), k > 0. A general solution
for (42) is
bδ˜αµ x˙
µ = −2cyα ⇔ yα = − b
2c
δ˜αµ x˙
µ (43)
We can redefine the parameter on the curve as s→ s′ = − 2cb s so that the last relation reads
yα = δ˜αµ x˙
µ (44)
where we have redifined x˙ = dx/ds′.
The Lagrangian (38) with the new definitions can be written in the following equivalent form:
L(x, x˙, y) =
[
−gµν x˙µx˙ν + z
(
−2δ˜αµvαβ x˙µyβ + vαβyαyβ
)]1/2
(45)
with z = −b2/4ac. The remaining Euler-Lagrange equations (39) along with (44) give the curve equation(
δνκ + zg
νλδ˜ακ δ
β
λvαβ
)
x¨κ + (γνκλ + zσ
ν
κλ) x˙
κx˙λ = 0 (46)
with
σνκλ =
1
2
gµν
(
δ˜αµ δ˜
β
λ∂κvαβ + δ˜
α
µ δ˜
β
κ∂λvαβ − δ˜ακ δ˜βλ∂µvαβ
)
(47)
where we have set the normalization condition
d
ds
L = 0⇔ d
ds
[(
gµν + zδ˜
α
µδ
β
ν vαβ
)
x˙µx˙ν
]
= 0 (48)
6From (48) we get ∫ x
x0
√
gµνdx
µdxν = λ(s− s0) (49)
with λ integration constant and we have set gµν = gµν + zδ˜
α
µδ
β
ν vαβ . This condition constrains the parameter along
the curves up to affine transformations.
Remark: Relations (44) and (46) do not describe curves of stationary lenght with respect to Sasaki-type metric
(8). However, in the limit z → 0, relation (46) converges to the geodesics equation (36), which is a stationary curve
with respect to the horizontal metric gµν .
B. Curves from two distinct Lagrangians
In this paragraph, we study the two distinct sets of curves that come from two Lagrangians LH =
√−gµν x˙µxν and
LV =
√
δ˜αµvαβ x˙
µyβ + cvαβyαyβ . The first is derived from (38) by keeping just the horizontal term and the second is
derived by keeping the vertical and interaction terms.
Euler-Lagrange equations for LH give:
x¨ν + γνκλx˙
κx˙λ + 2Cνλβ x˙
λy˙β = 0 (50)
∂˙αgµν x˙
µx˙ν = 0 (51)
and respectively for LV they give:
∂µvαβ δ˜
α
κ x˙
κyβ −
(
∂κvαβ x˙
κ + ∂˙γvαβ y˙
γ
)
δ˜αµy
β − vαβ δ˜αµ y˙β = 0 (52)
yβ = − 1
2c
δ˜βµ x˙
µ (53)
We redefine the parameter along the curves as s→ s′ = −2cs so that (53) reads
yβ = δ˜βµ x˙
µ (54)
In the above cases, we have set LH = LV = 1. We note that the first set of equations (50), (51) can accept the partial
solution yα = δ˜αµ x˙
µ, which does not come directly from the Lagrangian LH . Using this solution, (50) becomes
x¨ν + γνκλx˙
κx˙λ = 0 (55)
due to homogeneity of Cνλα on y, while (51) is identically verified.
C. Geodesics
In this section we will derive the geodesics equations on TM , i.e. the curves of stationary length with respect to
the metric (8):
G = gµν(x, y) dxµ ⊗ dxν + vαβ(x, y) δyα ⊗ δyβ (56)
The Lagrangian is written as
L =
√
gµν x˙µx˙ν + vαβ
δyα
δs
δyβ
δs
(57)
with x˙µ = dxµ/ds, where s is the arclength and
δyα
δs
= y˙a +Nαk x˙
k (58)
7So the Lagrangian can be written in the form:
L =
√(
gµν + vαβNαµN
β
ν
)
x˙µx˙ν + 2vαβ y˙αN
β
λ x˙
λ + vαβ y˙αy˙β (59)
The Euler-Lagrange equations are given by:
∂L
∂xρ
=
d
ds
∂L
∂x˙ρ
(60)
and
∂L
∂yγ
=
d
ds
∂L
∂y˙γ
(61)
We define :
hµν = vαβN
α
µN
β
ν (62)
And we calculate the terms required below:
∂L
∂xρ
=
1
2L
[
(∂ρgµν + ∂ρhµν) x˙
µx˙ν + 2∂ρvαβN
β
λ y˙
αx˙λ + 2vαβ∂ρN
β
λ y˙
αx˙λ + ∂ρvαβ y˙
αy˙β
]
(63)
∂L
∂x˙ρ
=
1
2L
[
2 (gµρ + hµρ) x˙
µ + 2vαβN
β
ρ y˙
α
]
(64)
∂L
∂yγ
=
1
2L
[ (
∂˙γgµν + ∂˙γhµν
)
x˙µx˙ν + 2∂˙γ
(
vαβN
β
λ
)
x˙λy˙α + ∂˙γvαβ y˙
αy˙β
]
(65)
d
ds
∂L
∂y˙γ
= ∂κ
(
vβγN
β
λ
)
x˙κx˙λ + ∂˙α
(
vβγN
β
λ
)
y˙αx˙λ + ∂κvβγ y˙
βx˙κ + ∂˙αvβγ y˙
β y˙α + vβγ y¨
β (66)
Where we normalized L to 1.
Taking the relations (65), (66) and substituting them to (61) we get the geodesics equation of the vertical space:
y¨δ + Cδαβ y˙
αy˙β =
1
2
vγδ
(
∂˙γgµν + ∂˙γhµν
)
x˙µx˙ν + vγδ∂˙γ
(
vαβN
β
λ
)
y˙αx˙λ − vγδ∂κvβγ x˙κy˙β (67)
Now, if we consider x˙ = 0 in our space, we get a subspace of TM which is called the tangent Riemannian space TxM .
It has been shown that in TxM the geodesics equation has the form [33]:
y¨δ + Cδαβ y˙
αy˙β = 0 (68)
We observe that we get the same equation if we set x˙ = 0 in (67). This means that in our metric space the Lagrangian
(59) provides us with a set of generalized geodesics equations.
Like before, by taking (63), (64) and substituting them to (60) we get the geodesics equation for the horizontal
space.
x¨κ + γκµλx˙
µx˙λ =
1
2
gρκ∂ρhµν x˙
µx˙ν + gρκ∂ρ
(
vαβN
β
λ
)
x˙λy˙α +
1
2
gρκ∂ρvαβ y˙
αy˙β − gρκ∂λhµρx˙µx˙λ − gρκhµρx¨µ
− gρκ
(
∂˙γgµρ + ∂˙γhµρ
)
x˙µy˙γ − gρκy¨αvαβNβρ − gρκ∂λ
(
vαβN
β
ρ
)
x˙λy˙α − gρκ∂˙γ
(
vαβN
β
ρ
)
y˙γ y˙α (69)
where we have used γκµλ which are the Christoffel symbols for the metric gµν(x, y).
Remark: We can find the necessary conditions so that the Lagrangian in (57) and the Lagrangian in (38) are equal.
These conditions, after some calculations, are shown below:
2y˙αNγν = bδ˜
α
ν y
γ (70)
b2yγyδb δ˜αν bδ˜
β
µ = 4c y
αyβNγνN
δ
µ (71)
This system has the trivial solution yα = y˙α = 0. For Nγν 6= 0, yα 6= 0, y˙α 6= 0, b 6= 0 and c > 0, if we substitute (70)
to (71) we get
b√
c
y˙αδ˜βµ = y
β δ˜αµ (72)
8For (72) to have nontrivial solutions, it must be that δ˜αµ = δ˜
β
µ = 1⇔ α = β = µ+ 4. Under this condition, (72) gives
y˙α = λyα (73)
where λ = b/
√
c. We can solve (73) to get
yα = yα0 e
λs+k (74)
with yα0 and k integration constants.
IV. FIELD EQUATIONS FOR AN EINSTEIN-HILBERT-LIKE ACTION
In a previous work, field equations on the Lorentz tangent bundle have been derived from a proper action [7]. In
this paragraph, we use an extension of Stokes theorem on the Lorentz tangent bundle to derive field equations for the
metric and the nonlinear connection.
An Einstein-Hilbert-like action with a matter sector on the Lorentz tangent bundle is defined as
K =
∫
N
d8U
√
|G| R+ 2κ
∫
N
d8U
√
|G| LM (75)
for some closed subspace N ⊂ TM , where |G| is the absolute value of the metric determinant, LM is the Lagrangian
of the matter fields, κ is a constant and
d8U = dx0 ∧ . . . ∧ dx3 ∧ dy4 ∧ . . . ∧ dy7 (76)
Variation with respect to gµν , vαβ and N
α
κ gives
∆K =
∫
N
d8U(R+ S)∆
√
|G|+
∫
N
d8U
√
|G|(∆R+∆S) + 2κ
∫
N
d8U ∆
(√
|G| LM
)
(77)
with
∆
√
|G| =− 1
2
√
|G| (gµν∆gµν + vαβ∆vαβ) (78)
∆R =2gµ[κ∂˙αL
ν]
µν∆N
α
κ +Rµν∆g
µν +DκZκ (79)
∆S =Sαβ∆v
αβ +DγBγ (80)
where Rµν = R(µν) +Ω
α
κ(µC
κ
ν)α, R ≡ gµνRµν = R and
Zκ = gµν∆Lκµν − gµκ∆Lνµν = −Dν∆gνκ + gκλgµνDλ∆gµν + 2
(
gκµCλλα − gκλCµλα
)
∆Nαµ (81)
Bγ = vαβ∆Cγαβ − vαγ∆Cβαβ = −Dα∆vαγ + vγδvαβDδ∆vαβ (82)
The extension of Stokes theorem on the Lorentz tangent bundle is given by the relations∫
N
d8U
√
|G|DµHµ =
∫
N
d8U
√
|G| T αµαHµ +
∫
∂N
nµH
µE˜ (83)∫
N
d8U
√
|G|DαWα =−
∫
N
d8U
√
|G|CµµαWα +
∫
∂N
nαW
αE˜ (84)
where H = Hµδµ and W =W
α∂˙α are vector fields on TM , E˜ is the Levi-Civita tensor on the boundary ∂N , (nµ, nα)
is the normal vector on the boundary and T αµβ = ∂˙βNαµ − Lαβµ. For more details see Appendix A. Using relation (83)
and eliminating boundary terms we get∫
N
d8U
√
|G| DκZκ =
∫
N
d8U
√
|G| T ακαZκ
=
∫
N
d8U
√
|G|Dν
[
T βκβ
(−∆gνκ + gνκgµλ∆gµλ)]− ∫
N
d8U
√
|G|
[
−DνT βµβ + gµνDλT βλβ
]
∆gµν
+ 2
∫
N
d8U
√
|G| T βκβ
(
gκµCλλα − gκλCµλα
)
∆Nαµ (85)
9where we have used the Leibniz rule for the covariant derivative. Using (83) again and eliminating the new boundary
terms we get∫
N
d8U
√
|G| DκZκ =
∫
N
d8U
√
|G|
(
δ(λν δ
κ)
µ − gκλgµν
)(
DκT βλβ − T γκγT βλβ
)
∆gµν +
∫
N
d8U
√
|G| 4T βκβgκ[µCλ]λα∆Nαµ
(86)
Similarly, using relation (84) and eliminating the boundary terms we get∫
N
d8U
√
|G| DαBα = −
∫
N
d8U
√
|G|CµµβBβ
= −
∫
N
d8U
√
|G| Dα
[
Cµµβ∆v
αβ − vαβvγδCµµβ∆vγδ
]
−
∫
N
d8U
√
|G|
(
DαCµµβ − vγδvαβDγCµµδ
)
∆vαβ (87)
where again we used the Leibniz rule. Applying (84) again and eliminating the new boundary terms we get∫
N
d8U
√
|G| DαBα =
∫
N
d8U
√
|G|
(
vγδvαβ − δ(γα δδ)β
)(
DγCµµδ − CννγCµµδ
)
(88)
Finally, combining equations (77-82), (86), (88) and setting ∆K = 0 we get the following equations
Rµν − 1
2
(R+ S) gµν +
(
δ(λν δ
κ)
µ − gκλgµν
)(
DκT βλβ − T γκγT βλβ
)
= κTµν (89)
Sαβ − 1
2
(R+ S) vαβ +
(
vγδvαβ − δ(γα δδ)β
)(
DγCµµδ − CννγCµµδ
)
= κYαβ (90)
gµ[κ∂˙αL
ν]
µν + 2T βµβgµ[κCλ]λα =
κ
2
Zκα (91)
with
Tµν ≡ − 2√|G|
∆
(√|G| LM)
∆gµν
(92)
Yαβ ≡ − 2√|G|
∆
(√|G| LM)
∆vαβ
(93)
Zκα ≡ −
2√|G|
∆
(√|G| LM)
∆Nακ
(94)
where δµν and δ
α
β are the Kronecker symbols.
We will make some comments in order to give some physical interpretation in relation to the equations (92), (93)
and (94). Lorentz violations produce anisotropies in the space and the matter sector [24, 34]. These act as a source of
local anisotropy and can contribute to the energy-momentum tensors of the horizontal and vertical space Tµν and Yαβ .
As a result, the energy-momentum tensor Tµν contains the additional information of local anisotropy of matter fields.
Yαβ , on the other hand, is an object with no equivalent in Riemannian gravity. It contains more information about
local anisotropy which is produced from the metric vαβ which includes additional internal structure of space-time.
Finally, the energy-momentum tensor Zκα reflects the dependence of matter fields on the nonlinear connection Nαµ ,
a structure which induces an interaction between internal and external spaces. This is different from Tµν and Yαβ
which depend on just the external or internal structure respectively.
V. CONCLUDING REMARKS
In this work we study Lagrangians L(x, x˙, y) that include directional variables y and tangent vectors x˙ on generalized
paths (x(s), y(s)), with s an affine parameter, on a Lorentz tangent bundle TM of a space-time manifold M . This
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Lagrangian includes interaction terms and a condition between x˙ and y is provided by this framework. In addition,
the geodesic equations (69), (67) on TM with a normalized Lagrangian are compared with the generalized paths (44),
(46) of L(x, x˙, y) and we find the necessary conditions for L(x, x˙, y) and L(x, x˙, y, y˙) to be equal.
Moreover, we derived a generalized form of Einstein-Hilbert field equations in the framework of a Lorentz tangent
bundle of a 4-dim. space-time (89-94) by using an extension of the Stokes theorem on the bundle. The third set of
equations, namely (91), (94), include the concept of nonlinear connection and its direct influence on the matter fields.
A study of the gravitational field depending on the external (base space-time) and the internal structure (observers)
can provide a wider framework of research of the gravitational field. Such a consideration could give predictions with
extra terms/corrections beyond the classical observations of general relativity and of standard cosmology. This can
constitute an interesting study for our next work.
Appendix A: Stokes theorem on the Lorentz tangent bundle
To eliminate terms of the form
∫
N
d8U√|G| DAV A, we need an extension of Stokes theorem on the Lorentz tangent
bundle. In its general form, the theorem reads: ∫
N
dω =
∫
∂N
ω (A1)
where N is a closed subspace and ω a (n−1)-form of an n−dimensional manifold. In our case, the role of the manifold
is played by the 8−dimensional tangent bundle, so n = 8.
We begin by calculating dω on the adapted basis. The properties of the exterior derivative are
1. df(Y ) = Y (f), with f(U) a real function and Y a vector field on TM .
2. d(ω ∧ ψ) = dω ∧ ψ + (−1)pω ∧ dψ, with ω : p−form and ψ : q−form.
3. d(ω + ψ) = dω + dψ
4. d2ω = 0
For the p−form
ω = ωA1A2...ApE
A1 ⊗ EA2 ⊗ . . .⊗ EAp = 1
p!
ωA1A2...ApE
A1 ∧ EA2 ∧ . . . ∧EAp (A2)
we get
dω =
1
p!
[
EAωA1A2...ApE
A ∧ EA1 ∧ EA2 ∧ . . . ∧ EAp + ωA1A2...ApdEA1 ∧EA2 ∧ . . . ∧ EAp
− ωA1A2...ApEA1 ∧ dEA2 ∧ . . . ∧EAp + . . . +(−1)p−1ωA1A2...ApEA1 ∧ EA2 ∧ . . . ∧ dEAp
]
(A3)
where we used the properties of the exterior derivative. We find
dEA = δAµ d
2xµ + δAα dδy
α
= δAα
(
d2yα + dNαµ ∧ dxµ +Nαµ d2xµ
)
= δAα
(
δνN
α
µ dx
ν ∧ dxµ + ∂˙βNαµ δyβ ∧ dxµ
)
(A4)
Additionally, we write
EB ωA1...Ap = DB ωA1...Ap + ΓAA1B ωA...Ap + . . .+ ΓAApB ωA1...A (A5)
From (A3), (A4) and (A5) we get
p! dω =
(
D[B ωA1...Ap] + ΓA[A1B ωA...Ap] + . . .+ ΓA[ApB ωA1...A]
)
∧EB ∧ EA1 ∧ . . . ∧ EAp
+ p ωαA1...Ap−1
(
δνN
α
µ dx
ν ∧ dxµ + ∂˙βNαµ δyβ ∧ dxµ
)
∧ EA1 ∧ . . . ∧ EAp−1 (A6)
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Now, the Hodge dual of a q-form ψ is defined as the (n− q)-form:
(⋆ ψ)M1...Mn−q =
1
q!
EN1...NqM1...Mn−q ψN1...Nq (A7)
where ⋆ is the Hodge duality operator and E the Levi-Civita tensor:
E =
√
|G|E0 ∧ . . . ∧ E7
=
√
|G| dx0 ∧ . . . ∧ dx3 ∧ dy4 ∧ . . . ∧ dy7
=
√
|G| d8U (A8)
In (A1), ω is a n− 1-form, so it is the Hodge dual of a one form V = VNEN of TM . From (A7) we get
ωA1...Ap = (⋆V )A1...Ap = ENA1...Ap VN = ENA1...ApV N (A9)
From relations (A6) and (A9) we get
(dω)BA1...Ap =(d ⋆ V )BA1...Ap
=(p+ 1)
(
EN [A1...ApDB]V N + ENA[A1...ApΓAA1B]V N
+ . . .
+ EN [A1...|A|ΓAApB]V N + p ENA[A2...ApKAA1B]V N
)
(A10)
with
Kαµν = δνN
α
µ , K
α
µβ = ∂˙βN
α
µ (A11)
and KABM = 0 for every other combination of indices. From (A9) and for p = n − 1 we find the Hodge dual of
expression (A10) as the zero-form field
⋆ dω =
1
n!
EBA1...An−1(d ⋆ V )BA1...An−1
=
(−1)s
n!
n
[
(n− 1)!DNV N − (n− 1)2!(n− 2)! δ[CN δB]M V N
(
ΓMCB +K
M
CB
) ]
=DNV N − 2
(
ΓM[NM ] +K
M
[NM ]
)
V N (A12)
where in the second step we used the identity
EM1...MqA1...An−qEM1...MqB1...Bn−q = (−1)sq!(n− q)! δ[A1B1 . . . δ
An−q ]
Bn−q
(A13)
with s the signature of the metric, in the case of (8) we have s = 2. Now, ⋆ dω is a zero form field or equivalently a
scalar field, let’s call it Φ. Acting on it with ⋆ gives
⋆ Φ = ⋆ ⋆ dω = dω (A14)
where in the last equality we used definition (A7) and the identity (A13). From (A7) and (A8) we also get
⋆ Φ = ΦEM1...MNEM1 ⊗ . . .⊗ EMn = ΦE = Φ
√
|G| d8U (A15)
Acting on (A12) with ⋆ and using (A14) and (A15) we get
dω =
[
DNV N − 2
(
ΓM[NM ] +K
M
[NM ]
)
V N
]√
|G| d8U (A16)
On the other hand, it is a known fact that ∫
∂N
ω =
∫
∂N
nMV
M E˜ (A17)
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with E˜ the Levi-Civita tensor on the boundary and nM a normal vector field on the boundary. Putting together
equations (A1), (A16) and (A17) we get∫
N
d8U
√
|G| DNV N =
∫
∂N
nMV
M E˜ + 2
∫
N
d8U
√
|G|
(
ΓM[NM ] +K
M
[NM ]
)
V N (A18)
Finally, for a canonical and distinguished d−connection (21-24), relations (A11) and (A18) give∫
N
d8U
√
|G|DµHµ =
∫
N
d8U
√
|G|
(
∂˙αN
α
µ − Lααµ
)
Hµ +
∫
∂N
nµH
µE˜ (A19)∫
N
d8U
√
|G| DαWα =−
∫
N
d8U
√
|G|CµµαWα +
∫
∂N
nαW
αE˜ (A20)
for the vector fields H = Hµδµ and W =W
α∂˙α.
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